Abstract: All solutions of F (u, u t , u x1 , . . . , u xn ) = 0 are determined by its symmetries σ = G(τ 1 , . . . , τ n ) with τ i ≡ u xi /u t and a seed solution set. Especially, the Lax pair, recursion operator, group invariant operator, infinitely many high order symmetries and higher order group invariant functions are also explicitly given for arbitrary (1+1)-dimensional first order partial differential equations.
Painlevé integrable, then enough arbitrary functions should be included in a formal series solution with respect to an arbitrary singularity manifold [2] . Thus, if one tries to find general solutions of a PDE system by means of symmetry theory, then one has to find enough symmetries with enough arbitrary functions. Inversely, if you can find enough symmetries with enough arbitrary functions, then, you may successful find all the solutions of the related PDE system. To realized this idea, the (n + 1)-dimensional first order PDE F (u, u t , u x1 , . . . , u xn ) = 0,
is an excellent example.
According to this idea, to find the general solution of (2) is equivalent to find a symmetry including one (one is enough for a first order PDE) n-dimensional arbitrary function, say,
where G is an arbitrary function of n independent variables τ i = τ i (t, x 1 , . . . , x n ).
A symmetry of (2) σ is defined as a solution of its linearized equation
which means (2) is invariant under the transformation u → u + ǫσ * Email: lousenyue@nbu.edu.cn with infinitesimal ǫ.
Fortunately, by substituting
into (3), one can readily prove that σ given by (4) with G being an arbitrary function is really a symmetry of (2) . Now, the remained problem is how to use the symmetry to find the general solution of (2) . Because of the entrance of u xi , i = 1, . . . , n and u t in the symmetry (4), we have to study the related transformations of u xi and u t . Differentiating (4) with respect to x i and t, it is straightforward to find
The above result (5) leads us to rewrite the symmetry (4) as
From (6) and (5), we know that the symmetry (4) can be equivalently considered as the pure space-time transformations with the vector
It is fortunate that the first order prolongations of the vector related to u xi and u t are all vanished. Thus u, iu xi and u t and then τ i are all group invariants. This fact leads to the following non-degeneration solution theorem. (2), so u is with
while t(ǫ), x i (ǫ), i = 1, 2, . . . , n are determined by
The definition of the non-degeneration solution is defined by η i , i = 1, . . . , n (and then τ i ) in the solution (12) are independent.
Because the model (2) is (n + 1)-dimensional, the arbitrary functions included in its general solutions should be n-dimensional. If η j , j = 1, ..., n are degenerate, the Theorem 1 can still be used to find special solutions of the model by just taking away the terms with ∂ xj if η j = const. (special trivial degenerated cases) in (9).
However, to find all the degenerate solutions of the model equation, we have to find all the possible non-degenerate solutions in lower dimensions. In degenerate cases, without loss of generality, we can express τ n = u xn /u t by
Substituting (10) into (2) yields an (m + 1)-dimensional system with m = n − 1. Using the Theorem 1 to m = n − 1 case, we can find all possible non-degenerate solutions of the model in n dimensional space-time. Repeated the step, we can find all the possible degenerate solutions of the model in all the lower dimensions.
As the last step to find all the possible degenerate solutions of the model (2), we should investigate in detail for the n = 1 case of (2) with x 1 ≡ x. In (1+1)-dimensional case, I write (2) in its equivalent
For simplicity, I just list all the results I have obtained for the model (11).
Theorem 2. If u 0 (x, t) is a non-traveling wave solution of (11), so u = u(x, t) is with
while t(ǫ) and x(ǫ) are determined by
Theorem 2 is only the special case of the Theorem 1 because the traveling wave solution is the only degenerate solution of (11). Obviously, the degenerate solution, the traveling wave solution, of (1) can be obtained by once integration with respect to the traveling variable ξ ≡ x − ct.
The (1+1)-dimensional model possesses some recursion operators, say,
where
The eigenvalue problem of the recursion operator Φ and the symmetry definition equation (3) constitutes a weak Lax pair of the model (11).
If we define the the group invariant function (GIF), I, as a solution of
and σ 0 is a known symmetry, then
is also a symmetry of (11). The similar conclusion is hold for the general case (2).
For any GIF I, its arbitrary function J(I) is also a GIF. Similar to the symmetry case, there are also some types of recursion operators (group invariant operators) which transform any GIF I 0 to a new GIF, say,
with the same K i as defined in (15).
Using the group invariant operator(s), we have the following symmetry theorem for the (1+1)-dimensional system (11).
Theorem 3. Symmetry theorem. The (1+1)-dimensional system (11) possesses infinitely many higher order symmetries
where n 1 , n 2 and n 3 are arbitrary integers, φ is a group invariant operator, say, that defined by (18), V and W are defined by
with y ≡ y(u, u x , b) being determined by
Because the space-time variables x and t are in the equivalent position, all the results related the model (11) are still valid by exchanging the variables x and t.
Finally, we apply the above general theory to the following special example,
For the special model (22), one of the recursion operators has the form
with φ 1 being a group invariant operator
Some special higher order symmetries can be expressed by
with G being an arbitrary function of the indicated variables.
The model (22) possesses a special non-traveling wave solution
which can be directly verified or derived from a high order (second order) symmetry constraint.
By using the Theorem 2 and the special non-degenerate solution (26), the general solution of the toy model (22) has the form
where c and c 0 are arbitrary constants and ξ = ξ(x, t) and τ = τ (x, t) are determined by
with G ≡ G(η) being an arbitrary function of η.
The special solution expressed in (28b) is the only degenerate solution, traveling wave solution of the model (22).
In summary, arbitrary first order PDEs are C-integrable. All the solutions of them can be obtained from the same solution theorem 1. The only model dependent information is included in their nondegenerate seed solutions. In (1+1)-dimensional case, many other interesting properties such as the Lax pair, recursion operator, group invariant operator, higher order symmetries and group invariant functions are also explicitly given. The similar results for higher dimensional first order PDEs can also be obtained in a similar way.
